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Abstract 

We aim to study the thermodynamic properties of the spherically symmetric reference frames 
with uniform acceleration, including the spherically symmetric generalization of Rindler refer- 
ence frame and the new kind of uniformly accelerated reference frame. We find that, unlike 
the general studies about the horizon thermodynamics, one cannot obtain the laws of thermo- 
dynamics for their horizons in the usual approaches, despite that one can formally define an 
area entropy (Bekenstein-Hawking entropy). In fact, the common horizon for a set of uniformly 
accelerated observers is not always exist, even though the Hawking-Unruh temperature is still 
well-defined. This result indicates that the Hawking-Unruh temperature is only a kinematic 
effect, to gain the laws of thermodynamics for the horizon, one needs the help of dynamics. Our 
result is in accordance with those from the various studies about the acoustic black holes. 
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1 Introduction 

People used to studying physics in the incrtial reference frame. However, when the accelerated ref- 
erence frame is involved, the physics becomes rather different. A well-known example is the vacuum 
state in a flat spacetime. The vacuum state of a quantum field in a flat spacetime is independent 
of the choice of inertial frames due to the Pioncare symmetry. Nevertheless, an accelerated detector 
will register particles in the vacuum of Minkowski spacetime, i.e., detect a background temperature 
of the flat spacetime pQ, which indicates that the concept of quantum state is dependent of the 
choice of reference frames. Since the Rindler reference frame [2] has a temperature, it is naturally 
to study its thermodynamic properties. Some works have been done on this topic [3l |4] and their 
results incline to the existence of horizon entropy and the laws of thermodynamics for the Rindler 
horizon. The aim of the present paper is to study whether there exists thermodynamics for the 
horizon of the reference frame with uniform acceleration. Now that the definition of entropy for the 
horizon needs the horizon area be finite, we focus on discussing the thermodynamic properties of the 
spherically symmetric generalization of both Rindler reference frame and the new kind of uniformly 
accelerated reference frame recently proposed in [5]. Both cases describe a set of uniformly acceler- 
ated observers in which all the observers initially locate at the same sphere with some fixed radius, 
and move (outward or inward) along the radius with the same 4-velocity and 4-acccleration. When 
the set of observers moving outward, each of them has his own event horizon. Each 2-dimensional 
horizon is a plane which divides the space into two parts: one has causal connection to the observer, 
another does not have, corresponding to the causal or noncausal part, respectively. The intersection 
of all the noncausal parts is a 3-dimcnsional ball in space. Its boundary, a sphere, just acts as the 
2-dimcnsional common event horizon for these observers, i.e., all of them locate outside the sphere 
cannot 'see' the inside of the sphere. Viewed in this way, we define it as the 2-dimensional event 
horizon for the set of uniformly accelerated observers. In addition, one may formally define an area 
entropy for it. When the set of observers moving inward, each of them also has his own event 
horizon, and each 2-dimensional horizon is again a plane dividing the space into two parts. But the 
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intersection of those noncausal parts is now empty! So there is no common event horizon for this 
set of uniformly accelerated observers. In other words, the event horizon for this set of observers 
does not exist. If one persisted in introducing an area entropy, one immediately find that the area 
entropy becomes ill-defined. Meanwhile, one should note that the Hawking-Unruh temperature is 
always well-defined in all the situations. That is to say, one cannot assign an area entropy to the 
event horizon for the set of uniformly accelerated observers because the horizon is not always exist 
in these reference frames. The studies about the spherically symmetric generalization of Rindlcr 
reference frame and the new kind of uniformly accelerated reference frame both indicate that the 
Hawking-Unruh temperature is only a kinematic effect, to gain the laws of thermodynamics for the 
event horizon, one needs the help of dynamics. This point is in accord with the previous studies 
about the acoustic black holes [HI El [5] , and gives examples that are different to the general hori- 
zon thermodynamics (e.g., Rindler spacetime, de Sitter spacetime and Friedmann-Robertson- Walker 
(FRW) universe) which have been widely studied by many authors [3] l4j \9\ ITO l \TT \ \12 \ [T3 l [14] . 

The arrangement of this paper is in the following way: we begin in the next section to give a 
brief review to the Rindler reference frame, M0ller reference frame and a new kind of reference frame 
with uniform acceleration. In section 3, we pay our special attention to their spherically symmetric 
generalizations and study their thermodynamic properties. Finally, we will make the conclusions 
and discussion. 

Throughout the paper, we consider the 4-dimensional spacetime and use the natural units h = 
c = G = k B = 1. 



2 Unifomly accelerated reference frames 
2.1 Rindler and M0ller reference frame 

The Rindler reference frame is often expressed in Cartesian coordinates [5J I15j , 

ds 2 = -x 2 dt 2 + dx 2 + dy 2 + dz 2 . (1) 

For later convenience, we make a little change of the above metric 

ds 2 = -g 2 x 2 dt 2 + dx 2 + dy 2 + dz 2 , (2) 

where g is a constant. A static observer with a 4- velocity = {l/(gx), 0, 0, 0} possesses a 4- 
acceleration = U U V U U^ = {0, l/x,0, 0}. Its magnitude is a = (a^a^) 1 / 2 = 1/x. It is clear to see 
that at each fixed space point {x,y,z}, the acceleration is a constant, but the acceleration varies 
point by point, namely, different observer possesses different acceleration. 
By making the coordinates transformations of the Rindler reference frame 

t — *■ t and x — > (f + gi)/g. (3) 

Eq.© changes to the M0ller reference frame [16] 

ds 2 = -(1 +gx) 2 dP +dx 2 +dy 2 + dz 2 . (4) 

Similar calculation shows that the magnitude of the 4-acceleration for a static observer with = 
{1/(1 + gx), 0, 0, 0} at fixed i, y, z is 

a = -^-r (5) 
I + gx 

which is also a constant. However, different static observer possesses different acceleration in M0ller 
reference frame, too. 

The Rindler horizon has a temperature Th relating to its 'surface gravity' 

K = lim Va = g (6) 

x — >xh 
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by the known relation Tjj = k/2-k between surface gravity and Hawking-Unruh temperature, 

Th = f , (7) 

Z7T 

where V = y/—goo is the redshift factor. The Hawking-Unruh temperature corresponding to the 
M0ller reference frame is the same as Rindler's. 

2.2 New uniformly accelerated reference frame 

The new kind of uniformly accelerated reference frame was first proposed in [5] in Cartesian coordi- 
nates 

ds 2 = -dT 2 + 2 smh(aT)dTdX + dX 2 + dy 2 + dz 2 , (8) 

where a is a constant, for a 'static' observer with 4- velocity U^ L = {1,0, 0, 0}, it is easy to see that his 
4-acceleration is = {atanh(aT), asech(aT), 0, 0}, and the magnitude of a p is just (a A1 a^) 1//2 = a 
which is indeed a constant acceleration. In addition, it has been shown in [5] that the equation of 
motion reduces to the standard second law of mechanics in the Newtonian approximation, whereas, 
the second law of mechanics in Rindler reference frame does not have this property. 
By a Wick rotation of the time coordinate 

T —> t = iT (9) 

in Eq.([5]), we get the imaginary time period (3 = 2n/a, which leads to the Hawking-Unruh temper- 
ature of the horizon 

la , 

Th = J3 = T« (10) 

If one uses the relation between temperature and 'surface gravity', he or she will get the same 
Hawking-Unruh temperature. 



3 Thermodynamic Properties of Spherically Symmetric Ref- 
erence Frames 

As we have mentioned in Introduction, the planar Rindler reference frame and the new kind of uni- 
formly accelerated reference frame is not very convenient for studying their thermodynamic prop- 
erties, e.g., defining the entropy for the horizon requires the horizon to have a finite surface. So we 
will generalize these uniformly accelerated reference frames in section 2 into spherically symmetric 
cases. 

3.1 Spherically symmetric generalization of Rindler reference frame 

Firstly, we study the generalized Rindler reference frame. Recall that the 4-dimensional Minkowski 
spacetime in spherical coordinates is 

ds 2 = -dt 2 + dr 2 + r 2 {d6 2 + sin 2 9d(f> 2 ). (11) 

After using the following coordinates transformations 

p- Po = ±[{r-r Q ) 2 -t 2 ] 1 ' 2 and r, = - tanlT^r - r )], (12) 

a 

the line-element PT|) becomes 

ds 2 = -a 2 (p - pofdif + dp 2 + r 2 (r], p)(d6 2 + sin 2 8d(j) 2 ), (13) 
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where r(r), p) means r is the function of r\ and p. A simple calculation shows that Eq. lflU)) is just the 
generalized Rindler reference frame in spherically symmetric coordinates, since the 4-acceleration 
is a M = {0, (p — po)~ 1 , 0, 0} for a static observer with 4-velocity = {a~ 1 (p — po) -1 , 0, 0, 0}, and 
the corresponding Hawking-Unruh temperature is Tu — a/(2n). This reference frame describes a 
set of observers locate at the same sphere with some fixed radius r, and all of them move (outward 
or inward) along the radius with the same and a 11 . It can also be seen from the calculation 
that the '+' in Eq. ([T2|) corresponds to observers moving outward along the r axis with uniformly 
acceleration, while '-' corresponds to the inward moving case. Note that each observer has his own 
event horizon, and like the planar Rindler case, each 2-dimensional horizon is a plane tangent to the 
sphere p = po. To find the common event horizon for this set of uniformly accelerated observers, we 
study the following two situations. 

When this set of uniformly accelerated observers moving outward along r axis, one has r = ro + t. 
For each observer, there is a 2-dimensional event horizon which divides the space into a causal part 
and a noncausal part. The intersection of all these noncausal parts form a 3-dimensional ball, light 
signals emitted in the ball cannot affect anyone of the observers since these observers locate at some 
r > r (i.e., outside the sphere). That is to say, the boundary of the 3-dimensional ball just acts as 
the common event horizon for these observers, namely, they have the same event horizon. Thus we 
define the 2-dimensional sphere as the event horizon for this set of uniformly accelerated observers. 
If the Bekenstein-Hawking entropy 

S = ir(r + t) 2 (14) 

is assigned for the horizon, it seems not to violate the second law of thermodynamics as the time t 
evolves. 

When these observers moving inward to the origin r — along r axis with uniform acceleration 
a p , r = ?'o — t. One should pay attention that in this situation, although for each observer there is 
an event horizon, for all the observers, there will be no common event horizon at all! This is because 
the spatial section of the event horizon for each observer is a 2-dimensional plane tangent to the 
sphere at p = po (i.e., r = ro — t), which separates the space into two parts. In the causal part, a 
light signal emitted in this region can affect the observer eventually. While in the noncausal part, 
no signal can affect the observer. The intersection of these noncausal parts is empty. However, the 
'envelop' of these 2-dimensional plane at the same sphere is also a sphere, if its radius r = ro — t 
is positive. Notice that all of the uniformly accelerated observers locate at some r < ro — t since 
p < po in this case, that is to say, these observers arc within the sphere, which indicates that light 
signals emitted from any place can always affect some observers. Namely, the 2-dimensional sphere 
cannot be regarded as the common event horizon for this set of uniformly accelerated observers. 
Consequently, there is no such an area entropy for the horizon. If one persisted in assigning an 
area entropy to the 2-dimcnsional sphere by analogy with the black hole thermodynamics, i.e., the 
entropy S was a quarter of the area A of the sphere, where A = 4irr 2 \ p=Pa = 47r(ro — t) 2 (ro is a 
constant), the entropy 

S = ir(r Q -t) 2 (15) 

would decrease for the isolated system as the time t evolves when ro > 0. Obviously, it will violate 
the second law of thermodynamics. Thus, the entropy of horizon for inward, uniformly accelerated 
observers is ill-defined. 

3.2 Spherically symmetric generalization of the new uniformly acceler- 
ated reference frame 

Now, we turn to the generalized new uniformly accelerated reference frame. By making the following 
coordinates transformations 

1 1 

t = - sinh(aT) and r = R + -(cosh(aT) - 1) (16) 
a a 

in Eq. (|llj) . we get a new spherically symmetric coordinates in the Minkowski spacetime 

ds 2 = -dT 2 + 2smh(aT)dTdR + dR 2 + [R + -(cosh(aT) - l)] 2 (rf6» 2 + sin 2 6d<f) 2 ). (17) 
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It can be seen that the first three terms in ([5]) and (fTT)) are quite similar. This is because the 
same form of coordinates transformations has been used as in getting JSj) from the flat Minkowski 
spacetimc. A short calculation shows that the 4-acceleration is a M = {a tanh(aT), ascch(aT), 0, 0} 
for a 'static' observer with 4-velocity J7 M = {1,0,0,0}, and the magnitude of the acceleration 
(a^dp) 1 / 2 = a is a constant. Therefore, this reference frame just describes a set of uniformly 
accelerated observers in which all of them initially locate at the same sphere with some fixed radius, 
and move (outward or inward) along the radius with the same and a^. 

Since this uniformly accelerated reference frame is described by a metric which is neither static 
nor stationary, the usual approach to determine the location of its horizon like for the Rindler 
reference frame and Schwarzschild black hole is not applicable. Instead, we search it following the 
approach in cosmology. Note that the 3-dimensional event horizon is generated by the null curves. 
That is, we have 

ds 2 = (18) 

for the generators of the horizon. When the set of observers on a sphere with radius R and moving 
towards the radial direction, respectively. Eq. (fT7|) becomes 



ds 2 = ~dT 2 + 2 smh{aT)dTdR + dR 2 = 0, (19) 

which can be rewritten as 

gJ + 2sinh(aT)^-l = 0, (20) 
this differential equation has two solutions 

dR r m , flit r „, , 

— =cxp[-aT] or _ = - ex p[aT]. (21) 

The first solution indicates the future outgoing mode, while the second one indicates the future 
incoming mode. Consider these observers locate at large enough R, one has 



R — Rh = / dR= exp[-aT]dT= -exp[-aT]. 
JR H Jt a 



(22) 



Namely, the 2-dimcnsional future event horizon is at 



R H = R- -exp\-aT] (23) 
a 



in the uniformly accelerated reference frame. In particular, at T = 0, 



Rh = R--. (24) 
a 

While T — ► co, the event horizon will reach its maximum 

lim R H -► R m = R, (25) 

T — >oc 

i.e., approach to the position of observer. Obviously, the sets of observers at different radius have 
different horizons! 

The horizon area A is 



A = J y/^d8d(t> = 4:Tt[R h + ^(cosh(aT) - l)] 2 



= 47r[i? + -(sinh(oT) - l)] 2 , (26) 
a 

where a is the determinant of the induced metric on the 2-dimcnsional sphere. 
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The Hawking-Unruh temperature of the horizon is easily obtained from the Wick rotation: Tjj = 
a/(2?r). One may also formally define a Bekenstein-Hawking entropy S for the event horizon by 
analogy with the black hole entropy, i.e., 

5=- = 7r[i?+i(sinh(aT)-l)] 2 . (27) 
4 a 

Nevertheless, according to the experience we learned from the spherically symmetric generaliza- 
tion of Rindler reference frame, one should take care whether it make sense to assign such an entropy 
to the event horizon of this new reference frame. Recall that R which comes from the coordinate 
transformations in Eg. (TIB)) is a constant for some given 'static' observers in the uniformly acceler- 
ated reference frame. When R < a _1 exp[— aT] or R < a -1 , Eq. (|2"51) or Eq. (f2"4")) gives the negative 
value. In both situations, light signals emitted from any place can always affect some observers 
on the sphere with radius R, which means that in these situations, there are no common event 
horizon for the set of observers. Consequently, no area entropy could be introduced. However, the 
Hawking-Unruh temperature is always exist for accleratad observers based on Unruh's discussion on 
the thermal effect of an accelerated detector [Tj . 

The absence of event horizon but meanwhile the existence of Hawking-Unruh temperature is a 
new property of the spherically symmetric accelerated reference frames including the generalization 
of Rindler reference frame and the generalization of this new reference frame with 'dynamic' metric. 
This gives different examples to the general horizon thermodynamics which have been widely studied 
by many authors H H EH El H3 El ■ 

3.3 Hawking-Unruh temperature without area entropy 

What do they tell us? Following the above discussions, both of the two examples: generalized 
Rindler reference frame and generalized new uniformly accelerated reference frame, seem to give us 
a hint that the thermodynamic properties of their horizons may be different from those of the general 
horizon thermodynamics, like the black holes, de Sitter spacetime and FRW universe, in which the 
Einstein equation is used in getting the laws of thermodynamics. Pay attention that, in obtaining 
the Hawking-Unruh temperature for the two examples, one indeed does not apply any dynamics 
at all. Moreover, the Hawking-Unruh temperature is always well-defined even though the common 
event horizon of the set of uniformly accelerated observers does not exist. So these two examples, 
both indicate that the appearance of the Hawking-Unruh temperature (or Hawking radiation) is 
only a kinematic effect but not a dynamic one. This conclusion is in accord with the studies about 
the acoustic black holes [SI [71 [5], (for a review, see [7]). Where in these cases, on one hand, by 
making an analogy between the sonic field in fluid field and the quantum field in gravitational field, 
a kind of acoustic metrics which are called the acoustic black holes are obtained, they are of the 
same form of the Schwarzschild metrics, and then the Hawking radiation is obtained naturally. On 
the other hand, the fluid flow system has nothing to do with the real black hole system, hence the 
introduction of entropy to their acoustic horizon is meaningless. In turn, one can learn from these 
examples that: 

a. the Hawking radiation is only a kinematic effect, regardless of the dynamics, e.g., the Einstein 
equation (which, in fact, can have been seen from Hawking's original derivation [17] |18j): and 

b. it is only when the dynamics is applied, e.g., the Einstein equation, that one can assign the 
entropy to the horizon, and hence gain the laws of thermodynamics for the horizon (which can be 
seen from [19] and has been proved indirectly in [20] to some degree). 

In addition, studies about acoustic black holes indicate that the Hawking radiation (or Hawking- 
Unruh temperature) will exist in any Lorentzian geometry with an event horizon [Jj [8] , but according 
to the discussion in previous subsections, our examples go further: Hawking-Unruh temperature will 
exist even when there is no common event horizon for the set of observers with uniform acceleration 
(though each observer, of course, has his own event horizon). 

So far, we have answered the question which we have previously proposed, that is, the existence 
of Hawking-Unruh temperature is only a kinematic effect, to obtain the laws of thermodynamics for 
the horizon, one needs the help of dynamics. Since the spherically symmetric generalizations of the 
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Rindler reference frame and the new uniformly accelerated reference frame indeed do not involve 
any dynamics, so assigning the entropy and laws of thermodynamics for their event horizons (if the 
common event horizon exists) make no sense. 

4 Conclusions and Discussion 

Through the study of thermodynamic properties of the generalizations of Rindler reference frame and 
a new kind of uniformly accelerated reference frame in spherically symmetric coordinates case, we 
finally find that there is no laws of thermodynamics for them by applying the usual approaches. Our 
result, not only supports the studies of acoustic black holes, but also broaden their conclusions to the 
situation in which the common event horizon is not always exist for the set of uniformly accelerated 
observers. All of this, seems to indicate one thing that the Hawking-Unruh temperature, which 
is only a kinematic effect, has no intrinsic connection with the horizon area entropy (Benkenstein- 
Hawking entropy), which is a holographic property corresponding to the gravitation. Hence in order 
to get the thermodynamic laws and further find the microscopic origin of the Benkenstein-Hawking 
entropy for black holes, the gravitational laws, i.e., the Einstein equation or other quantum theory 
of gravity should be introduced. 

In the end, review that when the initial condition is properly selected to let the horizon make 
sense, we can see that e.g., the entropy S in Eq. ([27]) is never decreasing as the time T evolves 
when Rh in Eq. ([24|) is positive, which implies that something like the generalized second law of 
thermodynamics is hold for this system [2TJ [52] . Be that as it may, we prefer to take this as merely 
an analogy but not of the real physical meaning. 
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